In this paper, we investigate a specific wave equation which generates the pre-Laguerre system, and prove that the pre-Laguerre system is related to the solution of the partial differential equation with some initial conditions.
Introduction
The Laguerre system, defined at z ∈ C by
with a ∈ (−1, 1), was discussed in [1] . It is an IIR filter with rational coefficients for a ̸ = 0, and is used in system identification [2] [3] [4] [5] . The Laguerre system is an orthonormal basis of the Hardy space H 2 (∂D), where D is the unit disk centered at origin, which leads to the Laguerre models. In [6] , the authors showed that the system (E n : n ∈ Z + ) can be derived by a Gram-Schmidt procedure from the stable system
Therefore, (P n : n ∈ Z + ) is a Riesz basis of H 2 (∂D). Defining the phase function θ a by e iθ a (t)
we get
= cos(nθ a (t)) + i sin(nθ a (t)).
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For negative n, Pn(t) is defined by P −n (t). Note that cos(nθ a (·)) and sin(nθ a (·)) form a pair of Hilbert transformation, i.e., they satisfy the Bedrosian identity in the unimodular case
in the special case θ = nθ a . The solutions of (1) are called mono-components. They are crucial for the definition of the notions of analytic signal and instantaneous frequency. A systematic investigation of Eq. (1) is offered in [7] and [8] .
In this paper, we are interested in the general system
where θ is any function in C 2 (R) with θ (0) = 0 and positive derivative, that is,
We call the system (2) the pre-Laguerre system. We will investigate a specific wave equation which generates a pre-Laguerre system. To this end, we define the weighted differential operator D ω by
We first show that both cos θ and sin θ are eigenvectors of the operator D 2 ω . Second, we prove that the pre-Laguerre system is related to the solution of the partial differential equation (PDE)
with initial conditions
The writing plan is below. Section 2 shows that mono-components are eigenvectors of some differential operator. Section 3 is devoted to the wave equation related with the pre-Laguerre system.
Mono-components as eigenvectors of differential operators
We start our discussion from the differential equation of order 2:
Proposition 2.1. Suppose that α and β are continuous in [a, b] . The general solution of (9) has the form y = C 1 y 1 + C 2 y 2 , where y 1 and y 2 are two linearly independent solutions of (9), and C 1 and C 2 are two arbitrary real constants. Moreover, under the initial conditions y(t 0 ) = r 0 and y
in (9). We need to fix the space of solutions of the following specific equation:
It can be verified that y 1 = cos(θ (t)) is a solution of (10). To obtain another solution y 2 , we make the mapping from y to z by
and get a simplified equation of z:
which has a solution of the form
.
Therefore, we get the following theorem. 
Proof. By above discussion, it suffices to check that the Wronsky determinant
Next, we point out that all solutions of (10) Proof. We can rewrite (10) as
that is,
Combining this with Theorem 2.2, we finish the proof of this corollary.
Wave equation and pre-Laguerre system
In this section, we will look for the solution space of PDE (5). We first try to look for tensor product type solutions of (5), that is, u has the factorization u(t, x) = T (t)X(x).
Substituting into (5) leads to
We obtain
Noting that the function in the right hand side is a function of the variable x but that of the left hand side is a function of t, it follows that both of them are the same constant; we denote it by −γ . We therefore get two differential equations:
and
We first solve (11) with the boundary conditions
which are from the boundary conditions (7) on u. It can be verified that when γ ≤ 0 there do not exist non-trivial solutions for (11) under condition (13). For λ > 0, the general solution is of the form 
We obtain a sequence of solutions of (11) as follows:
To solve (12), substituting λ = λ k into (12) and using Theorem 2.2, we obtain the general solutions of (12):
Hence,
are tensor product type solutions of (5) satisfying the boundary conditions (7) and (8).
We are left to construct special solutions of (5) satisfying the boundary conditions (6)- (8) . A natural idea is to use the
We need to use the condition (6) to determine the sequences (A k : k ∈ N) and (B k : k ∈ N). Applying partial derivative on t to the both sides of above equation, it follows
Utilizing the orthogonality of {sin(
Since each element in the series of (14) is a solution of (15), to ensure that u defined in (14) is a true solution of (15), we need to impose some conditions on φ and ψ such that the series uniformly converges after applying two times derivative.
Then the PDE (5) with boundary conditions (6)- (8) φ(0) = φ(Ω) = φ ′′ (0) = φ ′′ (Ω) = 0, we obtain that a 0 = 0 and
